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A bstract
It is pointed out that there are gauge-dependent and gauge-independent
spinorswithin thelittle-group fram ework forinternalspace-tim esym m etriesof
m assless particles. It is shown that two ofthe SL(2;c) spinors are invariant
undergaugetransform ationswhiletherem aining two arenot.TheDiracequa-
tion contains only the gauge-invariant spinors leading to polarized neutrinos.
Itisshown thatthegauge-dependentSL(2;c)spinoristheorigin ofthegauge
dependenceofelectrom agnetic four-potentials.
1 Introduction
Theinternalspace-tim esym m etriesofm assiveand m asslessparticlesaredictated by
thelittlegroupsofthePoincaregroup which areisom orphictothethree-dim ensional
rotation group and the two-dim ensionalEuclidean group respectively [1]. The little
group isthem axim alsubgroup oftheLorentzgroup whosetransform ationsleavethe
four-m om entum ofthe particle invariant. Using the properties ofthese groups we
would liketo addressthefollowing questions.
On m assless particles,there are stillquestions for which answers are not read-
ily available. W hy do spins have to be paralleloranti-parallelto the m om entum ?
W hilephotonshavea gaugedegreeoffreedom with two possiblespin directions,why
do m assless neutrinos have only one spin direction without gauge degrees offree-
dom ? Thepurposeofthisnoteisto addressthesequestionswithin thefram ework of
W igner’slittlegroupsofthePoincaregroup [1].
Thegroup ofLorentztransform ationsisgenerated by threerotation generatorsJi
and threeboostgeneratorsK i.They satisfy thecom m utation relations:
[Ji;Jj]= iijkJk; [Ji;K j]= iijkK k; [K i;K j]=  iijkJk: (1)
In studying space-tim esym m etriesdictated by W igner’slittlegroup,itisim portant
tochooseaparticularvalueofthefour-m om entum ,Foram assivepointparticle,there
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isa Lorentz fram e in which the particle isatrest. In thisfram e,the little group is
thethree-dim ensionalrotation group.Thisisthefundam entalsym m etry associated
with theconceptofspin.
Fora m asslessparticle,thereisno Lorentzfram ein which itsm om entum iszero.
Thuswehaveto settlewith a non-zero valueofthem om entum along oneconvenient
direction. The three-param eter little group in this case is isom orphic to the E (2)
group. The rotationaldegree offreedom correspondsto the helicity ofthe m assless
particle,whilethetranslationaldegreesoffreedom aregaugedegreesofthem assless
particle[2].
In this report,we discuss rst the O (3)-like little group for a m assive particle.
W e then study the E (2)-like little group for m assless particles. The O (3)-like lit-
tle group is applicable to a particle at rest. Ifthe system is boosted along the z
axis,the little group becom es a \Lorentz-boosted" rotation group,whose genera-
torsstillsatisfy the com m utation relationsforthe rotation group. However,in the
innite-m om entum /zero-m ass lim it,the com m utation relation should becom e those
form asslessparticles. Thisprocesscan be carried outforboth spin-1 and spin-1/2
particles. This\group-contraction" processin principle can be extended allhigher-
spin particles.In thisreport,weareparticularly interested in spin-1/2 particles.
In Sec. 2,we study the contraction ofthe O (3)-like little group to the E (2)-
like little group. In Sec. 3,we discussin detailthe E (2)-like sym m etry ofm assless
particles. Secs. 4 and 5 are devoted to the question ofneutrino polarizations and
gaugetransform ation.
2 M assless Particle as a Lim iting C ase ofM assive
Particle
The O (3)-likelittlegroup fora particle atrestisgenerated by J1;J2,and J3.Ifthe
particleisboosted alongthezdirection with theboostoperatorB ()= exp( iK3),
the little group isgenerated by J0i = B ()JiB ( ). Because J3 com m uteswith K 3,
J3 rem ainsinvariantunderthisboost.J
0
1
and J0
2
taketheform
J
0
1
= (cosh)J1 + (sinh)K2; J
0
2
= (cosh)J2   (sinh)K1: (2)
The boostparam eter becom es becom es innite ifthe m ass ofthe particle becom es
vanishingly sm all. For large values of, we can consider N1 and N 2 dened as
N 1 =  (cosh)
  1J0
2
and N 2 = (cosh)
  1J0
1
respectively.Then,in theinnite- lim it,
N 1 = K 1   J2; N 2 = K 2 + J1: (3)
Theseoperatorssatisfy thecom m utation relations
[J3;N 1]= iN 2; [J3;N 2]=  iN 1; [N 1;N 2]= 0: (4)
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J3;N 1,and N 2 arethegeneratorsoftheE (2)-likelittlegroup form asslessparticles.
In orderto relate the above little group to transform ationsm ore fam iliarto us,
let us consider the two-dim ensionalxy coordinate system . W e can m ake rotations
around the origin and translationsalong the x and y axes. The rotation generator
Lz takestheform
Lz =  i
(
x
@
@y
  y
@
@x
)
(5)
Thetranslation generatorsare
Px =  i
@
@x
; Py =  i
@
@y
: (6)
Thesegeneratorssatisfy thecom m utation relations:
[Lz;Px]= iPy; [Lz;Py]=  iPx [Px;Py]= 0: (7)
Thesecom m utation relationsarelikethosegiven in Eq.(4).They becom eidenticalif
Lz,Px and Py arereplaced by J1,N 2 and N 3 respectively.
Thisgroup isnotdiscussed often in physics,butisintim ately related to ourdaily
life.W hen wedriveon thestreets,wem aketranslationsand rotations,and thusm ake
transform ationsofthisE (2)group.Footballplayersalso m akeE (2)transform ations
in theirelds.
As we shallsee in the following section,the translation-like degrees offreedom
in the E (2)-like little group lead to gauge transform ations. Then W igner’s ilttle
group is like Einstein’s E = m c2 which unies the energy-m om entum relations for
both m assive and m asslessparticles.The littlegroup uniestheinternalspace-tim e
sym m etriesofm assive and m asslessparticles,assum m arized in the following table.
Thelongitudinalrotation rem ainsasthehelicity degreesoffreedom duringtheboost.
However,theLorentzboosted transverserotationsbecom egaugedegreesoffreedom ,
assum m arized in thefollowing table.
M assive,Slow COVARIANCE M assless,Fast
E = p2=2m Einstein’sE = m c2 E = cp
S3 S3
W igner’sLittleGroup
S1;S2 GaugeTransform ation
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3 Sym m etry ofM assless Particles
Theinternalspace-tim esym m etry ofm asslessparticlesisgoverned by thecylindrical
group which is locally isom orphic to two-dim ensionalEuclidean group [2]. In this
case,we can visualize a circular cylinder whose axis is parallelto the m om entum .
On the surface ofthis cylinder,we can rotate a pointaround the axis ortranslate
along the direction ofthe axis. The rotationaldegree offreedom isassociated with
the helicity,while the translation correspondsto a gaugetransform ation in the case
ofphotons.
Thequestion then iswhetherthistranslationaldegreeoffreedom isshared by all
m asslessparticles,including neutrinosand gravitons.The purpose ofthisnoteisto
show thattherequirem entofinvarianceunderthissym m etry leadstothepolarization
ofneutrinos[3].Sincethistranslationaldegreeoffreedom isagaugedegreeoffreedom
for photons, we can extend the concept ofgauge transform ations to allm assless
particlesincluding neutrinos.
Ifwe use the four-vectorconvention x = (x;y;z;t),the generatorsofrotations
around and boostsalong thez axistaketheform
J3 =
0
B
B
B
B
@
0  i 0 0
i 0 0 0
0 0 0 0
0 0 0 0
1
C
C
C
C
A
; K 3 =
0
B
B
B
B
@
0 0 0 0
0 0 0 0
0 0 0 i
0 0 i 0
1
C
C
C
C
A
; (8)
respectively.Therem aining fourgeneratorsarereadily availablein theliterature[4].
They are applicable also to the four-potentialofthe electrom agnetic eld or to a
m assivevectorm eson.
TheroleofJ3 iswellknown [5].Itisthehelicity operatorand generatesrotations
around them om entum .TheN 1 and N 2 m atricestaketheform [4]
N 1 =
0
B
B
B
B
@
0 0  i i
0 0 0 0
i 0 0 0
i 0 0 0
1
C
C
C
C
A
; N 2 =
0
B
B
B
B
@
0 0 0 0
0 0  i i
0 i 0 0
0 i 0 0
1
C
C
C
C
A
: (9)
Thetransform ation m atrix is
D (u;v) = expf i(uN 1 + vN 2)g
=
0
B
B
B
B
@
1 0  u u
0 1  v v
u v 1  (u2 + v2)=2 (u2 + v2)=2
u v  (u2 + v2)=2 1+ (u2 + v2)=2
1
C
C
C
C
A
: (10)
Ifthism atrixisapplied totheelectrom agneticwavepropagatingalongthezdirection
A
(z;t)= (A 1;A 2;A 3;A 0)e
i!(z  t)
; (11)
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which satises the Lorentz condition A 3 = A 0,the D (u;v)m atrix can be reduced
to [3]
D (u;v)=
0
B
B
B
B
@
1 0 0 0
0 1 0 0
u v 1 0
u v 0 1
1
C
C
C
C
A
: (12)
W hileA 3 = A 0,thefour-vector(A 1;A 2;A 3;A 3)can bewritten as
(A 1;A 2;A 3;A 0)= (A 1;A 2;0;0)+ (0;0;!;!); (13)
with A 3 = !. The four-vector(0;0;!;!)representsthe four-m om entum . Ifthe D
m atrix ofEq.(12)isapplied to theabovefourvector,theresultis
(A 1;A 2;A 3;A 0)= (A 1;A 2;0;0)+ 
0(0;0;!;!); (14)
with 0= + (1=!)(uA1 + vA 3).ThustheD m atrixperform sagaugetransform ation
when applied to theelectrom agneticwavepropagating along thez direction [3,6,7].
W ith thesim plied form oftheD m atrixin Eq.(12),itispossibletogiveageom et-
ricalinterpretation ofthelittlegroup.Ifwetakeinto accountoftherotation around
thez axis,the m ostgeneralform ofthelittlegroup transform ationsisR()D (u;v),
whereR()istherotation m atrix.Thetransform ation m atrix is
R()D (u;v)=
0
B
B
B
B
@
cos   sin 0 0
sin cos 0 0
u v 1 0
u v 0 1
1
C
C
C
C
A
: (15)
Sincethethird and fourth rowsareidenticaltoeach other,wecan considerthethree-
dim ensionalspace (x;y;z;z). It is clear that R()perform s a rotation around the
z axis. The D m atrix perform s translations along the z axis. Indeed,the internal
space-tim esym m etry ofm asslessparticlesisthatofthecircularcylinder[2].
4 M assless Spin-1/2 Particles
The question then is whether we can carry out the sam e procedure for spin-1/2
m asslessparticles.W ecan also ask thequestion ofwhetheritispossibleto com bine
twospin 1/2particlestoconstructagauge-dependentfour-potential.W ith thispoint
in m ind,letusgo back to the com m utation relationsofEq.(1). They are invariant
underthesign changeoftheboostoperators.Therefore,ifthereisarepresentation of
theLorentzgroup generated by Jiand K i,itispossibletoconstructa representation
with Jiand  K i.Forspin-1/2particles,rotationsaregenerated by Ji=
1
2
i,and the
boostsby K i = (+)
i
2
i orK i = ( )
i
2
i.The Lorentz group in thisrepresentation is
often called SL(2;c).
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Ifwetakethe(+)sign,theN 1 and N 2 generatorsare
N 1 =
 
0 i
0 0
!
; N 2 =
 
0 1
0 0
!
: (16)
On the otherhand,forthe (-)sign,we use the \dotted representation" forN 1 and
N 2:
_N 1 =
 
0 0
 i 0
!
; _N 2 =
 
0 0
1 0
!
: (17)
Therearethereforetwo dierentD m atrices:
D (u;v)=
 
1 u  iv
0 1
!
; _D (u;v)=
 
1 0
 u   iv 1
!
: (18)
Thesearethegaugetransform ation m atricesform asslessspin-1/2 particles[3,4].
As for the spinors,let us start with a m assive particle at rest,and the usual
norm alized Paulispinors+ and   forthespin in thepositiveand negativez direc-
tionsrespectively. Ifwe take into accountLorentz boosts,there are two additional
spinors.W eshallusethenotation  towhich theboostgeneratorsK i= (+)
i
2
i are
applicable,and _chi to which K i = ( )
i
2
i are applicable. There are therefore four
independentspinors[4,8].TheSL(2;c)spinorsaregauge-invariantin thesensethat
D (u;v)+ = + ; _D (u;v)_  = _  : (19)
On theotherhand,theSL(2;c)spinorsaregauge-dependentin thesensethat
D (u;v)  =   + (u   iv)+ ;
_D (u;v)_+ = _+   (u + iv)_  : (20)
Thegauge-invariantspinorsofEq.(19)appearaspolarized neutrinosin therealworld.
TheDiracequation form asslessneutrinoscontainsonly thegauge-invariantSL(2;c)
spinors.
5 T he O rigin ofG auge D egrees ofFreedom
However,wheredotheabovegauge-dependentspinorsstand in thephysicsofspin-1/2
particles? Are they really responsible forthe gauge dependence ofelectrom agnetic
four-potentialswhen we constructa four-vectorby taking a bilinearcom bination of
spinors?
Therelation between theSL(2;c)spinorsand thefour-vectorshasbeen discussed
in the literature form assive particles[4,9,10]. However,isittrue forthe m assless
case? The centralissue isagain the gauge transform ation. The four-potentialsare
gaugedependent,whilethespinorsallowed in theDiracequation aregauge-invariant.
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Therefore,itisnotpossibletoconstructfour-potentialsfrom theDiracspinors.How-
ever,itispossible to constructthe four-vectorwith the fourSL(2;c)spinors[4,8].
Indeed,
  + _+ = (1;i;0;0);   _  = (1; i;0;0);
+ _  = (0;0;1;1);   _+ = (0;0;1; 1): (21)
Theseunitvectorsin oneLorentzfram earenottheunitvectorsin otherfram es.The
D transform ation applicableto theabovefour-vectorsisclearly D (u;v)_D (u;v).
D (u;v)_D (u;v)j+ _+ > = _j+ _+ >  (u + iv)j+ _  >;
D (u;v)_D (u;v)j  _  > =   _chi  >  (u + iv)j+ _  >;
D (u;v)_(u;v)j+ _  > = j+ _  > : (22)
The com ponent  _+ = (0;0;1; 1)vanishesfrom the Lorentz condition. The rst
two equations ofthe above expression correspond to the gauge transform ations on
the photon polarization vectors. The third equation describes the eect ofthe D
transform ation on thefour-m om entum ,conrm ingthefactthatD (u;v)isan elem ent
ofthe little group. The above operation is identicalto that ofthe four-by-four D
m atrix ofEq.(12)on photon polarization vectors.
It is possible to construct a six-com ponent M axwelltensor by m aking com bi-
nations oftwo undotted and dotted spinors [4]. For m assless particles, the only
gauge-invariantcom ponentsarej+ + > and j_  _  > [11].They correspond to the
photons in the M axwelltensor representation with positive and negative helicities
respectively.Itisalso possible to constructM axwell-tensoreldswith fora m assive
particle,and obtain m asslessM axwelleldsby group contraction [13].
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